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Abstract

We present several approaches to modeling the covariance in longitudinal studies when

the covariance itself is the primary focus of the analysis. This is a departure from much

of the work on longitudinal data analysis, in which attention is focused solely on the cross-

sectional mean and the in
uence of covariates on the mean. Such analyses are particularly

important in policy-related studies, in which the heterogeneity of the population is of interest.

We describe a 
exible, parsimonious class of models for covariance structure appropriate to

such analyses, which we call proto-splines. This class extends the set of available random

coe�cient models by allowing a degree of uncertainty in the design matrix associated with the

random coe�cients. One important feature of this class is that it provides a decomposition of

the variance into interpretable components. We compare several implementations of this class

to a more commonly employed mixed e�ects model to describe the strengths and limitations

of each approach. These alternatives are compared in an application to long-term trends in

wage inequality for young workers. The �ndings provide additional guidance in the process

of selecting appropriate models.

1 Introduction

1.1 Motivation

An increasing number of social and behavioral science studies collect information from subjects
at several points in time. These longitudinal studies enable researchers to study changes in
the phenomena of interest over the life-course of the subjects. Explanatory covariates collected
contemporaneously are often linked to the response via regression forms of individual-speci�c or
population average models. Longitudinal data require more sophisticated models such as these
to account for the dependence of the responses within individuals (Diggle, et al. 1994). In some
studies, attention is focused solely on the cross-sectional mean, and the in
uence of covariates on
the mean. As a result the motivation for the treatment of the covariance structure is to improve
the model for the mean structure rather than forming realistic representations of the covariance
itself. However, the covariance structure is of central importance in many policy-related studies.
In these studies, one is trying to understand the structure of the heterogeneity in a population,
and in so doing yield insight into social phenomena.
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For example, in the �eld of strati�cation and mobility, the rising inequality of wage outcomes
that began in the 1970s and has persisted into the 1990s has prompted labor market analysts
to look at long-term trends in these outcomes. One explanation for the observed trends is that
wage outcomes have become more volatile. That is, they vary greatly from one year to the
next. Longitudinal wage data addresses this hypothesis directly. If individual wage trajectories
are relatively smooth, then this indicates stable long-term trends, while bumpy trajectories are
evidence of wage volatility. However, in many such studies, there are relatively few observations
per individual, making these trends di�cult to assess. A variance components model (Searle et
al. 1992) for wages may be used to partition the variance into long-term, permanent variation
and short-term, transitory variation. We note that the distinction between long- and short-term
trends is about fundamental economic mobility. The component of the observed pattern due
to permanent variation is a measure of mobility relative to one's peers, while the transitory
variation is a measure of individual economic instability. Since long- and short-term trends
in wages have substantive meaning, one can compare the resulting partitions from di�erent
economic periods. Bernhardt, et al. (1997) apply a mixed e�ects variance components model
to wage data from two young adult cohorts in the National Longitudinal Survey (NLS) and
conclude that the growth in overall inequality can be attributed to long-term trends and not to
volatility (see also Gottshalk and Mo�tt 1994, Haider 1996 and Baker 1997).

In matters with such strong policy implications, proper speci�cation of the underlying mech-
anism is crucial. Unfortunately, correct speci�cation of covariance structure is hampered by a
lack of exploratory methods for longitudinal data. All of this would be less important if the
variance components were not sensitive to model misspeci�cation. However, when a model is
misspeci�ed, the associated variance components are necessarily incorrect, and any subsequent
\partitioning" may be suspect. A by-product of these models are estimates of the individual-
speci�c e�ects de�ning the trajectories, and these are highly sensitive to model misspeci�cation
as well (Verbeke and Lesa�re 1996).1

1.2 Scope of analyses

We anchor our presentation by using an example from labor market economics, where these issues
are paramount. We will be investigating two datasets from the NLS. The �rst, or original cohort,
is a representative sample of young men aged 14-21 �rst interviewed in 1966 and interviewed
annually for the next �fteen years (with the exception of 1972, 1974, 1977 and 1979). The second
dataset began with a comparable sample of young men in 1979 who have been interviewed yearly
since then for �fteen additional years. For comparability between cohorts, we selected only non-
Hispanic whites, with resulting sample sizes of 2,614 and 2,373 respectively for the original
and recent cohorts. For a detailed description of these datasets and their comparability, see
Bernhardt, et al. (1997). According to Topel and Ward (1992), \the �rst 10 years of a career
will account for 66 percent of lifetime wage growth for male high school graduates and almost
exactly the same fraction of lifetime job changes," so it is important to understand trends
manifesting themselves in this period.

In this paper, we will present several competing models for covariance structure in longi-
tudinal data and describe their distinct features. One of these, proto-splines, is novel in the

1Verbeke and Lesa�re (1997) note that the �xed e�ects are less sensitive to misspeci�cation, but these e�ects

are of less interest in the approach taken here.
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literature, so it will be developed in some depth. We begin by describing available techniques
for teasing out covariance structure in Section 2. We then discuss a general framework for
describing covariance known as latent curve modeling and present the new proto-spline model
class in Section 3. Our ultimate goal in the application is to compare the degree of permanent
wage trajectory di�erences from two periods, the 1960s and 1980s. To keep the discussion man-
ageable, however, we focus on the recent cohort in the next two sections. In Section 4, we make
comparisons between the competing models and between the two NLS cohorts. We end with a
discussion of the substantive meaning of the models, and extensions to other forms.

2 Current Approaches

2.1 Exploratory methods

Exploratory methods should provide a way to visualize a complex set of curves in space and
inform model building. Longitudinal studies often involve many subjects, so that a traditional
plot superimposing the curves will be hard to evaluate. We illustrate the problem by plotting
wage pro�les for about 800 young adults from the NLS recent cohort in Figure 1. It may appear
that there are fewer than 800 trajectories displayed, but remember that these vary in length
from two to sixteen years, so no single individual spans the entire age range. While we can
gather some sense of where most of the curves lie and how they fan out over time, it is hard to
describe their variation succinctly. For example, the curves do not simply start out higher or
lower|the rate of growth appears to vary as well.

Age

Lo
gw

ag
e

16 18 20 22 24 26 28 30 32 34 3617 19 21 23 25 27 29 31 33 35 37

0

1

2

3

4

Figure 1: Wage trajectories for approximately 800 young adult workers in the NLS, 1979-1994
(recent) cohort: plot of logwage by age

Some techniques are designed to locate \representative curves" (Diggle et al. 1994) from
a set of curves. These include principal components and principal points methods developed
by Jones and Rice (1992) and Flury and Tarpey (1993). With these methods, the analyst
attempts to identify one or more curves that capture the main patterns of variation in the
full set. Representative curves for the above data could include one near the center of the
mass, one exhibiting strong growth, and another 
atter curve showing little to no growth. The
proportion of curves near each of these exemplary ones would give some indication of the overall
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distribution.2 Such techniques are an important step in understanding a general aspect of the
covariance, such as where most curves lie, but they o�er little information about how curves
within each cluster vary with respect to the representatives. While the approximate regions
of high, moderate and low growth may be identi�ed, how often and by how much individuals
exceed or fare worse within these clusters is not captured.

At the exploratory stage, our goal is to describe the variation between the curves. We can
glean some global information about that variation without looking at every curve using two
tools, which we now describe.

Stacked boxplots, in which the grouping variable is age in the time sequence, can yield some
insight, as Figure 2 shows. Again, we witness a fanning out of wages as individuals age and
can notice some reduction in variation at age 37. However, this graphic fails to incorporate
any longitudinal features of the data, because it is a cross-sectional summary of age-speci�c
characteristics. It essentially points to the next stage of an analysis, which would be to determine
how often subjects with higher wages at young ages maintain these over the life course. In other
words, if one were to superimpose the individual curves on the stacked boxplot, would they tend
to fall strictly above or below the median, and does this shift over time?
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Figure 2: Boxplots summarizing logwage by age for young adult workers in the recent cohort

The variance of logwages increases as an individual ages and so the underlying process is
non-stationary. Suppose that a response Y (t) at age t is non-stationary with �2(t) = Var(Y (t)):
If the increments of Y (t) in t form a stationary process then Y (t) is called intrinsically stationary.
Under this weaker assumption, the variation is often summarized by the variogram (Diggle, et
al. 1994):


(u) = 1

2
Var [Y (t)� Y (t+ u)] ; u � 0; (1)

where u measures the distance (in our case, time) between observations. This model speci�es
that the covariance of Y (t) and Y (t+ u) is

Cov(Y (t); Y (t+ u)) = 1

2
�2(t) + 1

2
�2(t+ u)� 
(u): (2)

A nonparametric estimate of the variogram for the NLS data is displayed in Figure 3.

2This partitioning can be viewed as a clustering problem. Clustering longitudinal data, which is often unbal-

anced, may require some preliminary adjustment to the data and is discussed in Scott (1998).
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Figure 3: Variogram of mean-reduced logwage for young adult workers in the recent cohort

We placed a horizontal line at the level of the weighted average of the age-speci�c process
variances, so that the scale relevant to a stationary process is apparent. We then computed
con�dence intervals for the variogram point estimates following Cressie (1991),3 and we �t a
smooth curve to those points.

The shape of the variogram suggests that a fair amount of structure remains in this data
after removing a mean process. Had this not been the case, the variogram would have resembled
a horizontal line. As the gap between observations widens, the variogram increases, indicating a
decrease in correlation between observed wages. The fact that even at the widest gaps there is
still some positive correlation may indicate that long-term strati�cation in wages does persist.
In other words, for a single individual initial and �nal wages are often both larger or both
smaller, describing a persistent strati�cation between individuals over the life course. We will
explore aspects of this hypothesis in later sections. Finally, we note that the variogram is often
used to construct covariance models directly. That is, parametric models for the variogram are
often assumed and estimated from the data. This is appropriate in other contexts, but when
population heterogeneity is of key interest, these models are less substantively interpretable
than the models presented below. We do not pursue them here|see Jones 1990 for a detailed
discussion.

2.2 Covariance models

In order to go beyond the above descriptions of the covariation, we introduce models that
incorporate covariance structure directly in their formulation. Broadly speaking, there have
been two approaches to modeling the heterogeneity in longitudinal data. The �rst allows the
covariance structure to be speci�ed nonparametrically. The methods of Davidan and Gallant
(1993), Diggle and Verbyla (1998) and Gasser, et al. (1998) describe the multivariate density
of the response process. As exploratory methods, they should expose interesting structure, but
their nonparametric nature limits one's ability to interpret the results, especially in the context
of variance components. The second approach is to propose a parametric model for the process,

3We note that simultaneous con�dence bands would be more informative, since we are e�ectively estimating

a whole curve, but we do not explore these in this paper.
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and then use the parameter estimates to describe the variation. The simplest model upon which
many others are built is the random coe�cient (or mixed e�ects) model (Longford 1993). These
assume there is a common mean structure, called the �xed e�ects, and then provide latitude
for the analyst to specify the systematic variation about the mean (these are called the random
e�ects).

For example, a random coe�cient model may postulate that wage growth is reasonably
approximated by a random quadratic curve in time, as follows.

Y (t) = X(t)� + Z(t)� + �(t) (3)

In this model, Y (t) is the response, the vector X(t) captures the structure of the �xed e�ects
and the vector Z(t) does the same for the random e�ects, while �(t) is a residual process. For
quadratic growth, X(t) and Z(t) would have a component for constant, linear and quadratic
polynomials in time. The vector � consists of coe�cients corresponding to the columns of X(t)
and � is a set of random coe�cients, one for each column of Z(t). Note that the above formulation
for the response Y (t) is that of a stochastic process. The � are often assumed to be multivariate
Gaussian, as are the �(t). Continuing with our quadratic growth example, � may be modeled
as trivariate Gaussian, with the six parameters of the covariance matrix left unrestricted.4 Any
systematic variation is captured in these parameters; for example, the constant and linear terms
may be negatively correlated, so that high initial responses show less growth over time, while
smaller initial responses grow more rapidly. We will �t such a model in Section 4.1.

Our goal is to describe interesting trends in covariance, but these models typically summarize
this structure in general terms. With random quadratics, for example, the extent of divergence
from the mean structure is of interest, substantively, but no single covariance parameter sum-
marizes this extent|all the variance components must be interpreted simultaneously. Thus, we
may be able to describe the density of random quadratics, but the result may be di�cult to
interpret.

3 Latent curve models

3.1 General description

Meredith and Tisak (1990) propose that covariance structure can be decomposed into meaningful
components known as latent curves. In this formulation,

Yi(t) = �(t) +
X
k

!ik�k(t) + �i(t); (4)

where Yi(t) represents the response for the ith individual, �(t) is a mean function, !ik is the
individual-speci�c coe�cient associated with the kth latent curve �k(t) and �i(t) is the residual
process. If the �k are known, then the above is similar to ordinary regression, with �k functioning
as the columns of the design matrix X(t) (�(t) can be incorporated into the �xed design as well).
However, subjects have their own regression coe�cients; removing the subscript i from all terms

4This random quadratic model, with six parameters, is relatively complex. Simpler models, such as an AR(1)

process may �t the data, but do not have a straightforward variance components interpretation, so they are not

as useful in this context (see Jones 1990 for a discussion).
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and evaluating the expression at �nitely many time points will reduce the above to ordinary
regression. We suppress explicit reference to the cross-sectional mean �(t) in most of what
follows.

When this model was originally presented, it was assumed that the latent curves would be
estimated directly from the data. With a few additional assumptions, this is a factor analysis,
which is a particular decomposition of the covariance structure. The large variability inherent in
such covariance estimates prompted researchers to impose smoothness constraints on the curves
(Rice and Silverman 1991). The factor analytic decomposition can be justi�ed on theoretical
grounds using the Karhunen-Lo�eve expansion of an L2 stochastic process.

3.2 A stochastic process representation

The Karhunen-Lo�eve expansion represents a mean-zero stochastic process Y (t) as a stochasti-
cally weighted (potentially in�nite) sum of basis functions as follows.

Y (t) =
X
k

!k�k(t) (5)

The �k(t) are taken to be orthonormal, and the !k are uncorrelated random variables. If we
require the !ik be stochastic in the latent class model (4), then it is a �nite approximation of (5)
with additional mean and error terms. The important aspect of model building for stochastic
processes is thus the speci�cation of the latent curves �k and the distribution of the stochastic
weights !ik.

The analyst must consider these speci�cations simultaneously, as the following illustrates.
The Karhunen-Lo�eve expansion requires that the stochastic weights be uncorrelated, but not
necessarily independent. If the weights are independent, then the data generating mechanism
speci�es that subjects receive a series of random shocks, each one taking the form of a latent
curve. These shocks are independent, so receiving a large shock from the �rst curve does not
mean one will receive a large shock from the next. This may or may not be appropriate for the
substantive problem, depending on the shape of the shocks. In the social and behavioral sciences,
it is often assumed that various in
uences emanate from common but unobservable factors,
sometimes referred to as latent traits. In this case, dependent shocks seem more reasonable,
since we would expect certain perturbations to occur together. If the shocks are constrained to
be orthogonal to each other, independent weights are more tenable.

3.3 The proto-spline model class

Scott (1998) and Scott and Handcock (1998) introduced the proto- spline class of heterogeneity
models to address these and other concerns. Motivated by a longitudinal study of wage growth,
the authors formulated a class of models that capture long- and short-term features of the
covariance structure. These components are of substantive interest in labor market economics.
The models use a latent curve formulation to identify long-term patterns of variation, which
yields a meaningful variance components decomposition. The proto-spline class is distinguished
by the data-adaptive manner in which the curves are estimated. We will now describe this class
in detail.

Proto-splines incorporate some of the smoothness features of nonparametric models but
remain estimable as a parametric form of covariance. The approach also manages to satisfy a
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between-curve orthogonality condition without imposing external constraints on the estimation.
The way we incorporate these features keeps the model parsimonious, interpretable, and easy
to estimate.

The proto-splines class is derived from the model class of Meredith and Tisak (1990),

Y (t) = �(t) +
X
k

!k�k(t) + �(t): (6)

We have dropped the individual subscript i to emphasize that the !k are viewed as random
coe�cients. This model class is still too general to be estimated. We need to assume a distribu-
tional form for the random coe�cients and we need to specify the form of the functions �k(t)
somehow. For several reasons, including interpretability, we currently restrict these functions to
be orthonormal. Using the Karhunen-Lo�eve expansion, our model is a �nite approximation of
an L2 stochastic process with the addition of mean and error terms.

We create a link between members of this class and nonparametric models in the way that we
construct the latent curves. Suppose for the moment that we believe that most of the stochastic
variation can be described by one curve, �1 (this is a single latent curve model). What remains
is the choice of a class of functions H in which our estimate �̂1 will reside. One choice for H is
the smooth set of functions known as the natural cubic splines. Splines are de�ned in terms of T
ordered knots t1; : : : ; tT on an interval T = [a; b], where a < t1 < : : : < tT < b. A cubic spline is
a cubic polynomial on all intervals (a; t1); (t1; t2); : : : ; (tT ; b), it is everywhere continuous, and it
has continuous �rst and second derivatives on the entire interval T . Natural cubic splines have
second and third derivatives equal to zero at endpoints a and b (Green and Silverman 1994).
The natural cubic splines are of dimension T, which means that specifying the value of such a
spline at its knots describes it completely. Note that �k(t), while speci�ed and estimated at T
time points, has a functional interpretation in that there is a corresponding curve de�ned at all
points in the interval T . Features of this function, such as its derivative, are thus available and
could yield insight into the observed process.

Let  1(t); : : : ;  T (t) be an orthogonal basis for the cubic splines observed at the T knots.
Then �1 2 H has representation

�1(t) =
TX

j=1

�j j(t); (7)

where the �j are non-random parameters that de�ne the curve with respect to the basis. Ex-
tending this to the response variable, for the full model, we have

Y (t) = �(t) + !1�1(t) + �(t) (8)

= �(t) + !1

TX
j=1

�j j(t) + �(t); (9)

where !1 is a mean zero random coe�cient with variance one and �(t) are i.i.d. Gaussian random
variables with variance �2� .

5

We require T parameters to specify one smooth curve. Our model has two variance compo-
nents, the variance of !1 and the residual variance, �2� , and it is a parametric covariance model

5Note that the magnitude of the variation associated with �1 is contained in its norm, and the error structure

�(t) can be made more complex.
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with uncertainty in the basis function �1(t). This uncertainty is a distinguishing feature of
proto-spline models. They are e�ectively random coe�cient models of the linear mixed e�ects
variety, in which the random e�ects design matrix is constrained to lie in a function space, but
the choice of functional element is estimated from the data.6 In Scott and Handcock (1998) we
show that a proto-spline model has the equivalent likelihood of a speci�c mixed e�ects model,
and we use this fact to do e�cient estimation and inference.

3.4 A comparison of proto-spline and mixed e�ects models

The distinction between proto-spline models and other mixed e�ects models can be made at this
point using the single proto-spline model. The standard mixed e�ects model has the following
form:

Y (t) = X(t)� + Z(t)� + �(t): (10)

A key feature of this model is that X(t) and Z(t) are known designs. The single latent curve proto-
spline model is precisely the above model, with Z(t) = �1(t) and � = !1, only Z(t) is unknown.
To illustrate the conceptual di�erence, we will consider three random quadratic models. For
Model I, we assume that we know the exact quadratic curve that describes the structured
covariation about the mean. Let Z(t) = t+ 1

2
t2, so Z(t) is a scalar-valued function describing a

particular growth structure. Further, let the random e�ects, �, be a Gaussian random variable
with unknown variance (the variance is one of the model's variance components). For a speci�c
individual,

Yi(t) = X(t)� + (t+
1

2
t2)�i + �i(t): (11)

Every subject gets some random multiple of the �xed curve t+ 1

2
t2.

For Model II we consider a mixed e�ects model in which each individual has their own
quadratic perturbation as follows. Let the three columns of Z(t) be given by the vector (1; t; t2),
and let � = (�1; �2; �3) be a vector of random coe�cients, with a multivariate Gaussian distribu-
tion. Then for an individual speci�c curve,

Yi(t) = X(t)� + �1i + �2it+ �3it
2 + �i(t): (12)

While this is quite 
exible, the variance components analysis requires a full description of the
estimated covariance structure of the random e�ects, which are contained in a 3 � 3 matrix
that includes important covariance as well as variance components. We must use all of this
information when describing any variance partitioning.

Model I is highly in
exible in that we must impose an exact form for growth beyond the
mean. However, the variance component for �i is highly interpretable|it is the variance of
the coe�cient of precisely determined shocks to the system, so a larger variance means there is
greater dispersion in the growth curves, and that they all follow that form. It would be di�cult
to make a similar statement about Model II.

For Model III we consider a single latent curve proto-spline model, which o�ers the inter-
pretability of the simpler model (I), and the 
exibility of the more complex model (II). Let
�1(t) = �1 1(t)+�2 2(t)+�3 3(t), where  1(t) = 1,  2(t) = t and  3(t) = t2. While this might

6Strictly speaking, this is not a mixed e�ects model, since the design is unknown.
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resemble model II, the vector (�1; �2; �3) is common to each individual and does not represent
individual-speci�c random e�ects. Every individual curve has the following form:

Yi(t) = X(t)� + �i(�1 + �2t+ �3t
2) + �i(t); (13)

with the parameters (�1; �2; �3) �xed and identical for each individual, a reparameterization (9)
that keeps the notation consistent. Each of these models is di�erent, and we claim that the
proto-splines o�er an e�ective compromise between the rigidity and 
exibility of Models I and
II, while remaining highly interpretable from a variance components perspective.

3.5 Estimation of multiple curve proto-splines

In this section we extend the development of the single proto-spline model in (7)-(9) to the
general multiple proto-spline model. We note that the choice of our function space implies that
�1 has a nonparametric interpretation, since the curve lies in a (smooth, continuous) function
space. Note that the model is not restricted to the space of cubic spline functions. Any �nite-
dimensional function space (or vector space) could be employed, but the smoothness feature of
this particular space and its links to nonparametric models was relevant to the development.
An advantage to the proto-spline class of models is that the bases may be chosen to re
ect
the form expected in the substantive process without knowing which speci�c version of that
form is present.7 If we choose models that result in latent curve estimates with a functional
interpretation, features such as the derivative become available.

The formulation of proto-spline models satis�es the orthogonality conditions without impos-
ing external constraints on the estimation and limits the number of parameters required, keeping
the model parsimonious. Proto-splines exist in the space between parametric and nonparametric
models, sharing certain features of each. They also yield highly interpretable latent curves.

We de�ne the full proto-spline class by extending the above example to more than one curve
without introducing additional parameters. The main idea is to use only a subset of the T bases
 j to construct each curve �� . Let I� be an indexing function de�ned on the integers 1; : : : T ,
which selects the basis functions used to construct the �th curve. In our simple example, �1
uses all T basis functions, so I1 = f1; : : : ; Tg. We construct latent curves as a deterministically
weighted sum of the basis functions speci�ed by the indexing function I so

��(t) =
X
j2I�

�j j(t) (14)

and then

Y (t) = �(t) +
KX
�=1

!���(t) + �(t) (15)

as before. In order to insure orthogonality of the �� , the index sets given by I� must be disjoint.
This restriction implies that once we decide to estimate more than one latent curve, the curves
are no longer from the class H. Since H was originally chosen to be the natural cubic splines, we
named the resulting �� proto-splines, because they are partial versions of a full spline �t. This

7An unknown quadratic curve was expected in Model III. More complex function spaces, such as those including

jump processes and wavelet bases can be used to adapt the model to the substantive questions of interest.
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method requires T parameters to build all K curves; if we do not normalize the curves, then for
identi�ability the random coe�cients !� are all presumed to have variance one.

To place this model in the context of those previously developed, we examine it for two
extreme cases. First, if K = T , then each proto-spline is just a rescaled version of the basis
function. This is essentially the model proposed in Brumback (1996) and Brumback and Rice
(1998), although the form of their model was chosen to produce cubic spline predictions for
individual curves. If K = 1, then we are estimating a single principal function (a smooth
principal component) in the presence of noise, and it is a natural cubic spline.8

A more useful approach is to choose K to be small in relation to T , so that for equal-sized
index sets, T=K bases are available for each latent curve. Equations (14) and (15) still apply, but
the \proto-spline" nature of the curve estimates becomes more apparent. This intermediate case
is similar to a principal functions analysis, in which we expect that most of the variation in the
process is captured in a few of the largest principal functions. We are enforcing a small number
of these by our choice of K, and we maintain the orthogonality requirement by construction.
The limitations of our approach depend on the unknown curves|if they are well-approximated
using a few distinct basis functions each (and we can determine the proper set of bases), then
our method should work well. Note that this model di�ers from a principal functions analysis
in that we choose our function spaces with substantive features in mind, rather than simple
smoothness constraints. We then build our model directly around these structures.

3.6 Application to Wage Growth

For ease of exposition, we illustrate our model class by �tting a single latent quadratic curve
proto-spline model to longitudinal wage data from the NLS. For the �xed e�ects, X(t), we use
a simple quadratic in age; this yields Model III of Section 3.4. In Figure 4, we display the
cross-sectional mean of the process. It provides the center from which the curves deviate. In
Figure 5, we superimpose 4 simulated realizations from the proto-spline model �t, with the
residual process �(t) suppressed. The �tted curve �̂1 used in that simulation is presented in
Figure 6. From this �gure, one can see that the growth of wages near the college years of 18
to 22 sets the extent of growth for the later years as well. The shape of the single latent curve
describes the long-term trend in variation|strong growth in the 20s, followed by steady but
diminished growth in the 30s. Each realization is simply the mean curve plus some random
multiple (positive or negative) of the latent curve �̂1.

One might be concerned that imposing a quadratic latent curve is overly restrictive and
essentially forces the decomposition into the shape indicated above. However, within the class
of quadratic curves there are pure linear and constant curves, so if there were no change in
the growth rate at early and later ages, then we would expect a di�erent �tted latent curve.
By forming a single latent curve spanning all ages, we are specifying that we want this curve
to represent long-term structure, within the quadratic class. More complex spaces may reveal
more complicated dependencies, should they exist, and they should be considered in the model
selection process.

In Figure 5, we see that the e�ect of the single latent curve crosses the mean at age 17. The
near-zero value for �̂1 near this age corresponds to a negligible amount of permanent variance,
but even this is not predetermined by our choice of basis. If below-mean wages at those ages

8Principal functions are de�ned and discussed at length in Ramsay and Silverman (1997).
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Figure 4: Mean curve for single proto-spline model
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Figure 5: Curves for random coe�cients one and two standard deviation from the mean for
single proto-spline model

were to lead to much larger gains later on, the \crossover" would be at some later age. Random
quadratics do limit us to a single change in the direction of growth (positive or negative), while
higher order polynomials would not. Finally, note an important di�erence between this model
and Model II. In Model II, each individual has a uniquely shaped quadratic curve, so it may
rise quickly and not level o�, or it may level o� quickly. In our model, which is basically Model
III, every individual's variation beyond the mean has the same shape, given by �̂1|only the
magnitude of that variation is allowed to vary.

4 Comparisons of models

To illustrate how the models di�er in practice, we apply several di�erent covariance models to
labor market data from the NLS. After a preliminary analysis, we found that the mean structure
in this data resembles a quadratic curve, so we set the columns of the �xed e�ects design matrix to
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Figure 6: Fitted latent curve for single proto-spline model

correspond to constant, linear and quadratic growth over time.9 More complex mean structures
could describe the in
uence of additional covariates on aggregate wage growth; our goal in this
study is to understand the degree of long-term wage strati�cation, so the overall divergence of
these curves over time in comparable samples yields important substantive information. Next,
we must select a form for the structured portion of the variation. For wage data, the structured
portion consists of long-term, or permanent, di�erences between wage trajectories.

We will compare three models. The �rst is a random quadratic mixed e�ects model similar
to Model II and to that used by Bernhardt, et al. (1997) in their analyses. The second is a
single latent curve proto-spline model, similar to Model III, and the third is an extension of
proto-spline models that includes a second non-orthogonal latent curve. Beyond the structural
variation just described, the residual variation is modeled simply as independent error with
constant variance.

4.1 Random Quadratics

The strength of a random quadratic model, such as that given by (12) is the 
exibility provided
by the three random coe�cients, �1i; �2i and �3i. Note that the quadratic basis we use is an
orthogonalized and normalized version of (1; t; t2), which is also the �xed e�ects basis. These
coe�cients are globally constrained to come from a multivariate Gaussian density. This choice
yields a broad range of curves of various shapes and intensities. This distributional form does,
however, require that there are no clusters of curves, or other multimodalities.

We assume that the � are distributed as N(0; G), where G is a completely unspeci�ed 3� 3
covariance matrix de�ned by six distinct parameters. We �t the model using maximum likelihood
estimation, and �nd that

Ĝ =

0
B@

+2:019 +0:899 �0:265
+0:899 +1:312 +0:096
�0:265 +0:096 +0:529

1
CA

9Note that we orthogonalize and normalize these basis vectors, so instead of a vector of ones, the �rst column

is a vector consisting entirely of 1=
p
22, based on the 22 ages from 16 to 37.
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and �̂2� = 0:0719.10 Unfortunately, these results are somewhat hard to interpret. The structured
portion of the covariance is given by ZĜZT ; where Z is the random e�ects design matrix. Since
the rows of Z correspond to the subject's age, this matrix product describes individual wage
di�erences at each age and how they relate to each other. For example, the diagonal of ZĜZT

represents the structured, or permanent, wage variance at each age. These values are plotted
against age in Figure 7 below. The initially larger variance at the earliest ages indicates some
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Figure 7: Permanent wage variance for random quadratic model

initial strati�cation between individual trajectories that seems to diminish by age 20, only to
increase substantially from that point forward, with a dramatic rise after age 32. Had permanent
di�erences in trajectories been limited to an intercept shift, this graph would have consisted of
a horizontal line some distance above the axis. The result above indicates that wages fan out
quite dramatically as individuals age, and gives some indication of how the process accelerates.
We can infer that the trajectory fans out as a whole because the partition is based on a model
employing a continuous curve for the \signal" portion of the trajectory.

4.2 Single latent curve proto-spline

In this model, we assume that most of the structured variation takes a speci�c form, but we let
the exact shape be determined by the data. The explicit model is

Yi(t) = X(t)� + �i�1(t) + �i(t); (16)

where �1 is the single latent curve, assumed to lie in the space of quadratic curves, and �i is
the random coe�cient for the ith individual. This is the same model as the one used for our
illustrative example in Section 3.6. A look at Figure 5 (previous page) reveals the strength of
this model. A wide range of outcomes are easily represented by the mean plus a random multiple
of the single latent curve, �̂1. Figure 6 (previous page) displays this curve for the recent cohort.

In this �gure, the interpretability of these longitudinal data models becomes apparent. The
single latent curve reveals most of what we need to know about structured variation. Contrast
this to the covariance matrix Ĝ, which along with design matrix Z provides the equivalent

10Di�erences in these �ndings and those presented by Bernhardt, et al. (1997) are due to a di�erent choice for

the quadratic basis, but are otherwise comparable.
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information in a less accessible form. The random coe�cient on our proto-spline model is
standard Gaussian, so we have an immediate sense of the range of impact of the single latent
curve.

The restriction to a single latent curve does limit our ability to model more complex struc-
tured variation. In Figure 8 below, we see that the permanent variation, the squared version of
�̂1, describes a very simple growth structure.

11 Two features stand out in comparison to random
quadratic models: the permanent variation starts out lower at the youngest ages and it does not
grow as dramatically as individuals age. We believe that the initial variation is less important
from a likelihood perspective, so it is e�ectively being ignored in the estimation process. Had
we used a higher order polynomial, we might have discovered persistent initial wage di�erences.
If this were the case, we would expect �̂1 to begin higher, possibly decrease somewhat and then
increase again, in a shape similar to the permanent variance graph from the random quadratic
model.
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Figure 8: Permanent wage variance for single latent curve model

4.3 Double latent curve model

The limitations of a single curve model prompts us to explore a model with two latent curves.
Fitting such a model under the pure proto-spline formulation would require the �tted curves to
be orthogonal, and this restricts the function spaces in which each may lie. We propose a new
model that e�ectively \reuses" the basis for each latent curve. The model, abstractly, is given
by

Yi(t) = X(t)� + �1i�1(t) + �2i�2(t) + �i(t); (17)

where �1 and �2 are latent curves and �1i and �2i are i.i.d. standard Gaussian random coe�cients.
We construct each curve from the same basis.

��(t) =
TX
j=1

��j j(t); (18)

11The permanent variance calculation is straightforward in this case because the random coe�cient �i is standard

Gaussian.
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with � = 1 or 2, e�ectively doubling the number of parameters used by the single latent curve
model. After adding some identi�ability constraints to our estimation procedure, we are able to
�t this more complex model.

The double latent curve model can best be understood as the combination of a common mean
process and two independent \shocks" taking some functional form. We choose to continue to
employ the space of quadratic polynomials for ease of exposition. Looking at Figure 9, we �nd
that the �tted curves are quite di�erent from each other. These are the forms for the two shocks,
�̂1 and �̂2. We see that �̂1 is quite similar to its counterpart in the single latent curve model,
although it starts out further below the origin. The latter feature will induce greater permanent
variation at the youngest ages, and then this will subside, as the curve crosses the origin between
ages 18 and 19 (contrast this to the crossing at age 17 in the single curve model). The second
curve introduces a whole new feature to the covariation. It appears that individuals who start
out earning more are penalized as they age. This is indicated by �̂2's initially positive level of
about 0.2 at age 16, which sinks to -0.3 by age 37. Of course, negative random coe�cients are
just as likely as positive ones, so this curve could also represent later growth for young workers
who initially accept lower wages. There is mild evidence that this is capturing an \education
e�ect," in which individuals who defer fully entering the labor market (and possibly pursue
education or training) bene�t with larger wage growth in the long run.12
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Figure 9: Fitted proto-splines for double latent curve model

The permanent variance partitioning for this model is given in Figure 10, below. By includ-
ing two curves additively and independently, this model allows for larger early and later year
variation. The e�ects are permanent, in that they persist over the lifetime of a worker, but their
independence points to a subtlety of these variance decompositions. Two curves, along with
their coe�cients describe the systematic portion of a trajectory, but the independence of the
coe�cients severs any link between the two. In terms of generating mechanisms, this only makes
sense if two di�erent features of the wage growth process are being captured, such as an overall
growth (often attributed to returns to job tenure and experience), and an education e�ect.

The above comment points to a limitation of the random quadratic model. Namely, it is hard
to describe an underlying process (often thought of as a latent characteristic) that is driving the

12This e�ect was based on an analysis of the �nal level of education attained by each individual and the predicted

value of the coe�cient �̂2i of �̂2.
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Figure 10: Permanent wage variance for double latent curve model

three coe�cients forming the curves. It is hard to imagine that a social or economic generating
mechanism involves intercept, slope and acceleration components. The latent curve models
provide simpler explanations, which is an advantage in this case.

4.4 Comparing variance partitions

While related, these three models provide di�erent variance decompositions. We display the
permanent variation plots in Figure 11, below, and include 95% con�dence intervals at each age.
We discuss the construction of those intervals in Section A.1 of the appendix. Notable di�erences
exist for the youngest and oldest ages, with strong agreement in the middle range. The single
latent curve model does not pick up structured wage variation at the youngest ages. If initial
di�erences in wages persist during the youngest ages, but then diminish, then this model will
have to choose between the initial and later year e�ects, and since the latter are larger, they
tend to dominate. The double proto-spline model picks up this extra variation in �̂2, and this
is re
ected in larger permanent variance for the younger ages. The random quadratic model
picks up more variation in both younger and older ages and labels it permanent. We contend
that the additional 
exibility of the random quadratic model allows it to follow the raw data
more closely, capturing less rigid forms of variation. This is indirectly con�rmed by examining
the residual variation, which is 0.072 for random quadratics, and 0.078 and 0.098 for double and
single latent curve models, respectively.

Below we present the variance decomposition for each cohort to address an important ques-
tion. While each model partitions the variance di�erently, do these di�erences have substantive
impact? That is, how sensitive are the answers to the substantive questions to the choice of
model? Even though any model we use will only be an approximation, the social phenomena
may manifest themselves in such a way that their detection and measurement is fairly insensitive
to the choice of model.

In Figures 12 through 14 below, we display the model-based permanent variance for each
model along with 95% con�dence intervals at each age. All of the models indicate a signi�cantly
larger permanent variance in the recent cohort, starting sometime in the mid-twenties. The
di�erence is most dramatic in the random quadratic model and least so in the single latent
curve model. There is some between-model discrepancy in what portion of the variance is
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Figure 11: Permanent wage variance for all three models

permanent at the youngest ages, and in how the cohorts di�er. Both latent curve models
describe a crossover, in which the original cohort starts out more strati�ed until the early
twenties, at which point the opposite it true. The random quadratic model posits that both
cohorts are more permanently strati�ed initially and that the magnitude is comparable. If we
were interested in the absolute magnitude of permanent wage strati�cation, we would look more
closely at these models and determine which is more justi�ed on substantive grounds. If we were
concerned about wage strati�cation at the younger ages, then these models tell di�erent stories,
so a deeper understanding of each model's characteristics is warranted.
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Figure 12: Permanent wage variance for random quadratic model

4.5 Discussion of �ndings

All three of these models found a signi�cant increase in permanent wage variation in the recent
cohort for the older ages. But the magnitude of these di�erences varied greatly between models,
and strong di�erences in comparative partitions exist at the younger ages.

Since the random quadratic model labeled more variation as permanent, it may be over�tting,
in some sense. The 
exibility of random quadratics admits even a U-shaped curve (for some
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Figure 13: Permanent wage variance for single latent curve model
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Figure 14: Permanent wage variance for double latent curve model

individuals and not others), but is it desirable to use such a shape to describe permanent wage
gains? U-shaped curves, in which initial and �nal wages are nearly identical, involve a shift in the
direction of wage change, from loss to gain, so in what sense is this indicative of a permanent,
or lasting, trend? We must understand how the choice of model is re
ected in the variance
partition if we intend to make an informed assessment of social phenomena.

Latent curve models stand out as conservative approaches to variance partitioning. They are
highly interpretable, with independent components acting as shocks to the process. The shocks
may be readily interpretable in the context of the generating mechanisms for the social processes
under study. They o�er a handy form of rigidity compared to random quadratic models, yet
are inherently adaptive to overall patterns of structured variation. Thus, these models can be
viewed as excellent foils to the classical random quadratic model.

All three of the models describe the structured portion of variance in such a way that
\permanent" is a reasonable label to apply. That is, the model describes smooth versions of the
curves in space that are reasonable attempts to separate signal from noise, and the signal is non-
stochastic, conditional on the parameters that describe it. The di�erences in these de�nitions
allow di�erent aspects of variation to be identi�ed.
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5 Conclusion

5.1 Summary

We embarked on this analysis to determine how di�erent models for covariance a�ect variance
component partitioning. Along the way, we introduced a new class of latent curve models, proto-
splines, that o�er an interpretable paradigm for describing covariation, which is well-suited to
formulating substantive questions directly. These models locate persistent covariance structure
and re
ect it in the shape and size of latent curves. We view proto-splines as covariance function
smoothers; they are non-parametric in the sense that the estimated curve lies in a function
space, yet the model formulation provides a straightforward interpretation of the curves that
is often missing in other non-parametric techniques. In the model formulation, the researcher
imposes a class of functions to capture substantively meaningful structure. The restriction to a
particular class of functions forces proto-spline models to be conservative in the way they �t the
data, making them much less susceptible to \following noise." This makes them invaluable in
comparisons with more traditional models; the ways in which they di�er point out characteristics
of each, with the clearly de�ned behavior of our models acting as a foil for the others.

5.2 Future work

In future work, we will consider relaxing the independence assumption for the proto-spline model
class. For example, our double latent curve model could include a term for the correlation
between curves. This extension would open up the possibility of very di�erent latent curves,
since the independence constraint ultimately lowers the likelihood of certain shapes for the �tted
curves. Including more complex residual structures, such as age-speci�c variances, as a check
on the homogeneous variance assumption could prove useful.

Relaxing the Gaussianality assumption is worth investigating, but we would limit this to
forms that remain interpretable, such as parametric forms. One approach that has been sug-
gested by several researchers is a latent class, or mixture formulation (see Clogg 1995, Ban�eld
and Raftery 1993, Muth�en and Shedden 1998, Xu, et al. 1996). Under this paradigm, individ-
uals belong to one latent class, and then conditional on class membership they follow a certain
structure. This remaining structure could be 
exibly captured in the proto-spline models just
introduced.

In work in progress, we are examining diagnostics for these models in greater detail. Model
selection criteria such as AIC (Akaike 1974) and BIC (Schwarz 1978) can be applied here. These
are discussed in Vonesh and Chinchilli (1998) and Pinheiro et al. (1994). Recent extensions to
the AIC discussed in Simono� and Tsai (1999) appear to be especially promising in the context
of these variance component models. An alternative to model selection is the use of Bayesian
model averaging (Hoeting et al. 1998). A developed set of diagnostic techniques will add to our
understanding of how each model captures and partitions variation.
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A Appendix

A.1 Construction of con�dence intervals

Con�dence intervals for the model-based variances, such as the permanent variation, are con-
structed from the asymptotic covariance matrix of the model parameters. For proto-spline
models, explicit forms for these covariance matrices are given in Scott and Handcock (1998).
The construction begins by �nding the variance associated with each point on the latent curve.
Each curve is a linear combination of a set of basis functions, with the coe�cients speci�ed by
the model parameters. If these coe�cients are given by column vector ` = (��1; : : : ; ��T )

T , the
basis functions by matrix Z = [ 1; : : : ;  T ] and the asymptotic covariance matrix of ` by H,
then the resulting latent curve is given by �� = Z` and the covariance of Z` is ZHZT . So the
variance of the estimate of the curve �̂� at each time point (and their covariances) are contained
in the diagonals (and o�-diagonal elements) of ZHZT . Con�dence intervals for the permanent
variance (the squared value of the curve estimate) at a particular time point can be constructed
via a delta-method approximation involving that same asymptotic covariance matrix.13
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